In this note, we show that the positivity of the Ricci curvature is preserved on compact complex surfaces, under the additional assumption that the sum of any two eigenvalues of the traceless curvature operator on traceless (1, 1)-forms is non-negative.
The curvature operator in the Kähler case
Let X be an n-dimensional compact complex manifold, with a Kähler metric ds 2 = gk j dz j dz k . The Kähler-Ricci flow is the flowġk j = −Rk j + µgk j , where nµ is the average scalar curvature, and Rk j is the Ricci curvature. Here ∆ = ∇ l ∇ l = g lk ∇ l ∇k is the complex Laplacian. It is easily seen that the flows of R and Rk j can be written in the same form with ∆ replaced by∆ = ∇l∇l = ∇ l ∇ l , and hence with
(∆ +∆). On the other hand, the flow for the Riemann curvature tensor becomes, when written with∆
2) Combining the flows with ∆ and∆, we obtain the flow with real Laplacian:
As in the Riemannian case [6, 7] , the flow for the Riemann curvature operator simplifies considerably in the formalism of frames. Let e a = ∂ ∂z j e j a , eā = eāj ∂ ∂z j be an orthonormal frame at time t = 0, i.e., ebkgk j e j a = δb a , e µRā bcd , and the first term on the right hand side cancels with one of the terms in the flow with real Laplacian. Altogether, we obtain the equatioṅ
Similarly, the same simplification occurs for the flow of the Ricci curvature, written in a frame. Differentiating the equation Rā b = eāqe j b Rq j , we see, not surprisingly, that the term involving the square of the Ricci curvature cancelṡ
The traceless curvature operator Sā bcd
To analyze the flow of the Riemannian curvature tensor in the operator case, it is convenient to separate out the traces. Thus set
Then Sā a = 0, Sā acd = 0 = Sā bcc , and a straightforward calculation shows that the flows for R, Rā b , Rā bcd are equivalent to the following flows for R, Sā b , Sā bcḋ 
0 is su(2) with structure constants
where ǫ αβγ is the sign of the permutation (1, 2, 3) → (α, β, γ).
Positivity of the Ricci curvature in dimension 2
We are now in position to prove the following theorem:
Theorem. Let X be a compact Kähler manifold of dimension 2, and consider the Kähler-Ricci flowġk j = −Rk j + µgk j . If the initial metric has Ricci curvature non-negative everywhere and positive somewhere, and if the sum of the two lowest eigenvalues of the operator Sā bcd on the space Λ 1,1 0 of traceless (1, 1)-forms is non-negative, then both of these properties continue to hold for all time t > 0.
Proof. If we view the Ricci curvature as a Hermitian form on T 1,0 vectors, its positivity is equivalent to the positivity of its trace and of its determinant. Set
In particular, A = To see this, we let X = a
be an arbitrary tangent vector. Then
Thus the Ricci curvature is non-negative if and only if the matrix P is non-negative. Now the trace of P is 2A and the determinant is A 2 − B 
we obtain the flow for the determinant of the Ricci curvature
We shall abbreviate this equation by
We examine the non-negativity of the expression 1 2 R 2 − |S| 2 , assuming that it is nonnegative at initial time. Consider then the first time when min ( 1 2 R 2 − |S| 2 ) = 0, and consider a minimum point. At this point, by the maximum principle, we have
On the other hand, at a minimum, the derivatives of
Thus we have
and hence
(In the preceding argument, we have assumed that R > 0, which follows from the strong maximum principle if t > 0. If R = 0 and t = 0, then we are at a minimum of R, and ∇ l R = 0, so that the above inequality holds trivially). Thus the inequality from the maximum principle reduces to
In an orthonormal basis φ ᾱ ab for the space of traceless (1, 1)-forms where the operator Sā bcd is diagonal, with eigenvalues m 1 , m 2 , m 3 , the preceding inequality can be rewritten as
where we have denoted by s α ∈ R the components of Sā b in that basis: that is, the sum of any two eigenvalues of Sā bcd is non-negative.
Recall that a symmetric bilinear form is 2-nonnegative if the sum of its two smallest eigenvalues is non-negative. We have assumed that the traceless curvature operator Sā bcd is 2-nonnegative at initial time. It remains to show that the 2-nonnegativity of the traceless curvature operator is preserved under the Kähler-Ricci flow. Chen [2] has shown that the 2-nonnegativity of the curvature operator Op(R) is preserved by the Ricci flow. Now if the Riemann curvature operator Op(R) is 2-nonnegative, then so is M = Op(S), but the converse does not hold, so we cannot directly quote Chen's result.
First note that if m 1 ≤ m 2 ≤ m 3 are the eigenvalues of M, then
0 , |φ| = |ψ| = 1, φ ⊥ ψ} Moreover, the condition m 1 + m 2 ≥ 0 is clearly closed and convex. The ODE associated to M from the heat flow for the system (2.9) for R, Sā b , Sā bcd is
where, in coordinates where M is diagonal, M # αβ = −2( γ =α m γ )δ αβ and T αβ = s α s β . To show that m 1 + m 2 ≥ 0 is preserved, it suffices, by Hamilton's maximum principle for systems, to show that (2.29) preserves this condition. Now Lemma 3.5 of [7] implies
where φ, ψ range over all φ, ψ ∈ Λ 
